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= deg f(x) + deg g(x)#
deg∗ f(x)
g(x)
= deg f(x) − deg g(x)#
S F (x) 
 Q(x) $		 
 Q  			#
ψ 	 χ, γ 	 		 Fq%#
ψ0 χ0 	 		#
e(α) = e2πiα  em(a) = e(a/m)
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S(ψ, F ;χ,Q) =
∑
n ∈S
ψ (F (n)) · χ (Q(n)) .
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F (x) = Gp(x) −G(x) + b
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Q(x) = cHd(x)
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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 		 ψ = ψ0

	 χ = χ0 d  	
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	  !   "  S(ψ, F ;χ,Q)
 # 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  p  λi " λi > 0 i = 1, . . . , r 	  degF > 0
	 p  degF 


















∣∣∣∣∣ ≤ (d1 + d2 − 2)q1/2 + d1 + d2 + 1 '()
"
d1 = max{deg f, deg g} + s+ λ, d2 = z + μ
 s g  *$ 
 	 
 λ = 0 " deg g ≥ deg f  λ = 1 
 * z q  r  *$ 
    μ = 0 " d | degQ  μ = 1
 *
*   	
	 
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 %  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  	 		
 	
      p  ψ = ψ0 
	 χ = χ0 d  
	

	 	 Fp   	** F =
f
g





		  !   	** "
g(x)  f(x) '(()

Q(x) = bBd(x) * b ∈ Fp  	 B(x) ∈ Fp(x) 	 '(+)







max{deg f, deg g} + s+ z)p1/2 log p, '(,)
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' 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 A(x) ∈ Fp(x) 4	 	' 	
 *' 
		 k(x), l(x) ∈ Fp[x]

 *'













lp(x)(f(x) + uxg(x)) = (kp−1(x) − lp−1(x))k(x)g(x)
  
lp(x) | g(x).
 deg g < p  l(x)   

  
f(x) + uxg(x) = (αkp(x) + βk(x))g(x),

f(x) = (αkp(x) + βk(x) − ux)g(x),
 α, β ∈ Fp αβ = 0     g(x)  f(x)  

deg(αkp(x) + βk(x) − ux) ≤ p
   !  
"
 F (x) + ux F (x)  
 Q(x)  #  $   	    
  %&'  (

)












·2(max{deg f, deg g} + s+ z)p1/2.









∣∣∣∣∣ < 4πp log p+ 0.38p+ 0.64.
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    p 	
  q = pn
 χ d  	
 Fq
 f(x) ∈ Fq[x] 	  	
 	 	 d  	
 m       v1, . . . , vn ∈ Fq Fq  Fp 

 t1, . . . , tn ∈ N  
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) ∈ [0, π)
−1 
, 
 γ   
  
 d     !
g    
 χ(g) = e(1/d)
"  ! rm(c)  c   
 	
  m "#
$ n = 0# 
χ(n) = χ(gindn) = χ(g)ind n,




















































































1 − γ(g) d2
1 − γ(g)
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≤ arg(em(a)) < π2
−1 















,  1 ≤ |k| < m/2,













  k = 0.
 	
 m  
	 	 	   			 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|1 − χ(g)| < d log d.
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   A + B
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$ #k,  < m$
 
   A,B 

  |A| = k |B| =   A,B P (d) 
	
  '	     d!
   % m 	
  
!	   p(m) %
#$ & k,m, d ∈ N k < p(m)   (k, 2, m) 	
 d
"
#$ & k,m, d ∈ N k < p(m) 		
(4)k < p(m), "#!()%
  (k, ,m) 	
 d
"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 m 

 k,  < m   (k, ,m) 	
 d
"
  '      		  	 		
  d
!    "  % 		  A   a 
  mA(a)   '!
   & d 
 p 
!	  (k, ,m) 	
 p
" 
 (k, ,m) 	
 d
"
'	 *  
    P (d) + A,B  !
, d = pα11 . . . p
αr
r 
   pi  
  p
αi
i   
' mB(b) !
(-
    b ∈ B 	
 	 pi  mB(b)
   A′  A 	
mA(a) (mod pi) 	
  B′  B 	 mB(b) (mod pi) 	
  	 A′
 	 B′ 	   	 	  mA(a)
 mB(b)
	  pi! "  A′,B′  P (pi)  #
  	 mB(b) 	  pi
   βi   $
 	
pβii || lnko{mB(b) : b ∈ B}.
 βi < αi % A′ = A " B′ 		  b ∈ B 	 mB(b)p−βii
	    	 	  mB′(b′) 	  pi
 b′ ∈ B′!
 "  A′,B′  P (d/pβii )  # &  $$  	
 "  A′′
 B′′ 
 	 P (pi)  #
    	
 ' () 		  "  " *	 d *
     
 	
 ' *   	  * +
,
  " A,B ⊂ Zm 		
  |A| = k
 |B| = 2 " 	  c ∈ Z
"  )-!  	 	 d 
%  B " ..$ 	 r, r+s  	 s = 0! A+r 	  	"
 " $*   )-! 
  {a+r | a ∈ A} = {a+r+s | a ∈ A}
	 	   {a + r | a ∈ A} = {a + r + st | a ∈ A} 	  t ∈ N
"
  A+r 	 Zm  	 " 	"

	 	  |A| < p(m) ,"
     
 	
 + ,
  k, ,m "*  )(/! 
$"
 A,B ⊂ Zm  		
 	 |A| = k
 |B| = 
  s ∈ N
 (s,m) = 1
   )-! " 
sa+ sb = sc, a ∈ A, b ∈ B
 	  	
  c ", Zm 	 + " 		

    s ∈ N " c ∈ Zm
  (s,m) = 1 " 
sa+ sb = c, a ∈ A, b ∈ B )((!
 	 	 	  d
'  a ∈ Z "  r(a) a  #  	 " 	 
m
 
r(a) ≡ a mod m, −m
2
< r(a) ≤ m
2
.
' " *   .$ 		 0
(1
     k, ,m,A    	
 

  a1, . . . , ak  A

    






i = 1, . . . , k   . 	


    J = {1, . . . , p(m)}    i, j ∈ J   (i−j,m) =
1       p(m)  k !
uj = (r(ja1), . . . , r(jak)), j ∈ J . 	"












+1 # DZ > m $ %  j ∈ J   















+ (ti + 1)D − 1
}

ti ∈ {0, 1, . . . , Z − 1} 	&

i = 1, . . . , k   




















= (4)k < p(m),
	)
 %         * j1, j2 ∈ J  %   










+ (ti + 1)D
  +(, 
|r(j1ai) − r(j2ai)| < D i = 1, . . . , k.
   s = |j1 − j2| #   
|r(sai)| = |r((j1 − j2)ai)| ≤ |r(j1ai) − r(j2ai)| < D.
'   
 +( $ ,    s   %  %  $
	
       b1 . . . , b B    %     i, j   *+ %  
sbl ∈ {sbi + 1, . . . , sbj − 1}, l = 1, . . . , 
	-
   sbl 	 
		   m 	   	  
  	  	 sbl 	  [m/] + 1






























= 1 > 0.
 	 u, v  	  r(sau) = r1 r(sav) = rk &		 
sav + sbi  sau + sbj
	 	' %
!	   (a, b) = (av, bi)   (a
′, b′) =
(au, bj) %	   mA(av)mB(bi)  mA(au)mB(bj)  	  (
)!	 d(
    	 
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   C ⊂ Zm 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) rm(c)  c 	  + 	   m
,'	 ) ) u ∈ Zm 		
PC+u(x) ≡ xuPC(x) mod xm − 1.
-		%%  A,B % % 		 P (d) . )
PA(x)PB(x) ≡ 0 mod xm − 1
Zd   x
m − 1 | PA(x)PB(x)
/  xm−1+· · ·+1 % 
 Zd[x]  % P1(x)P2(x) = xm−1+







rm(b) ' &		  A,B % P (d) .
,+ ) xm−1 + · · · + 1 
 Zd[x]    A,B % P (d)
. 		 xm−1 + · · · + 1    PA(x)   PB(x) %
) A  B  Zd(
0' '	 )  1$23( #45  %  xm−1 + · · ·+1 %
% 		 
 Zd[x] 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 )m %+  d %+ 	 m
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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  	
   d  		
  m ∈ N    	 k,  ∈ N 
		 k < m  < m  (k, ,m)  d				
      d  		
  m ∈ N     
m  
 d 	     m
       k,  ∈ N 
    (k, ,m)
 d"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%,
     ()		 
     	
# +
 xi(a)  i% 
	
 a  Zd1 × · · · × Zds 	- 
     (x1(a), . . . , xs(a)) a ∈ A  (x1(b), . . . , xs(b)) b ∈ B s
 
 
 t = k+  &
  $!    

 $!.
  '      
 r   0 < r < p(G)

|mdi(r · xi(a))|, |mdi(r · xi(b))| ≤
di
4
, i = 1, . . . , s a ∈ A b ∈ B. $!/
01  
  A,B 
  () %
#
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= 1}|∣∣∣ 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1 − γ̄(g) d2










































≤ 36sp1/2 log p log d.
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$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1 − γ̄1(g) d2




1 − γ̄(g) d2













1 − γ1(g) . . .









γ1(q(n+ d1)) . . . γ(q(n+ d))
∣∣∣∣∣+ s.
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u = 1, . . . , "  $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 Fγ1,...,γ(x) = Fδ1,...,δ(x) = q
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sp1/2 log p(2d log d) + s
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Fp F (x) =
f(x)
g(x)
, Q(x) = q(x)
r(x)
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)*  = 2+
)* (4 · deg g) < p (4 · deg∗Q) < p+
)* g(x) = (x + a1)(x + a2) . . . (x + ak) ) ai = aj i = j *   · deg g < p2 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ψ (F (a+ jb))h χ (Q(a+ jb))rd(h) + O (S) + t
dp
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d1 < · · · < d ≤ p−M  %


















vdp(hi) (ψ (F (n+ di))χ (Q(n + di)))
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deg fh1,...,h ≤ deg f + (r − 1) · deg g ≤ deg f + (− 1) · deg g,
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			 	 %! 	 -
	 # )*+
     p q(x), r(x)   	
   	 		 	  	 j




 		 	 b ∈ Fp  B(x) ∈ Fp(x) 





























p1/2 log p ≤
≤ 9(+ 1) (deg∗(F (x)) + d · deg∗(Q(x))) p1/2 log p, (
	"

max{deg fh1,...,h, deg gh1,...,h} + sh1,...,h ≤ deg f + (+ 1) · deg g
≤ (+ 1) · deg∗F
















































+ O(|S|) + O ( · deg f)
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 !  "  
	 
 			 #	 

  $%&' ( InN  	
n) 		









    InN *	  
 #+  )
,
η : InN → {−1,+1}.
   * *	 *   ** 
- u1, . . . ,un n 
  #+ 	  n−1 		
 ( t1, . . . , tn 	   0 ≤ t1, . . . , tn < N  	 BnN
.  B/   	
  .
	0 /  - ,
BnN = {x = x1u1 + · · ·+ xnun : 0 ≤ xi|ui| ≤ ti, i = 1, . . . , n} .
   	
  η 	







η(x + d1) . . . η(x + d)
∣∣∣∣∣ ,

    			 d1, . . . ,d ∈ InN 	 B  	     B +
d1, . . . , B + d ⊆ InN 
 
 !  "   *	 *	   )






      ∈ N ε > 0  	
 
N0 = N0(, ε)  δ = δ(, ε) > 0   N > N0 




 1 − ε  

   	
     
  ! "







   

 q = pn 	 γ  	
  	

 Fq f(x) ∈ Fq[x] ! 






γ(f(x1b1 + · · ·+ xnbn))  f(x1b1 + · · · + xnbn) = 0,
1 $
,
 b1, . . . , bn Fq 




) $  f $(  *)   
  &
Q(η) < deg f (q
1/2(1 + log p)n + 2).
+
    & ) ) ,
 $$#) $ #  
 
  *$#
) #  #  

























χ(f(x1b1 + · · ·+ xnbn))
) ∈ [0, π),
−1 $
,
 b1, . . . , bn Fq 
  Fp '$$		  x = (x1, . . . , xn)
/ %  "
  $   &
22
    	












 d 	 	 	
   
! 
""  	 (deg f, ,Fq) 	 
# $
Q(η) ≤ 4 deg f(log d)q1/2(1 + log p)n deg f.
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 Fnp 	 Fq
 
 x  x = x1b1 + · · · + xnbn
 		 η(x) = η(x)
   		  B 
 d1, . . . d ∈ Fq 	 
B + d1, . . . , B + d ∈ Inp   N 






















1 − γ̄1(g) d2




1 − γ̄(g) d2
1 − γ̄(g) · γ(f(x+ d))












1 − γ1(g) . . .







γ1(f(x+ d1)) . . . γ(f(x+ d))
∣∣∣∣∣+  deg f.
$
 
% γu &u = 1, . . . , ' 	



























        	 
  0 < δ1, . . . , δ < d  
Fδ1,...,δ(x)   d
   	  

















1 − γ1(g) . . .























+  deg f
≤ 4 deg f(log d)q1/2(1 + log p)n +  deg f














   
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 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 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  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 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	   $ % E    P, P0 ∈ E   
 
 
 s0 = P0
 

sn = P ⊕ sn−1 = nP ⊕ P0 &' (
) 	*

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y2 = x3 + Ax+B,

 A,B ∈ Fp  
   
 & 4"(
% Fp0







$ ⊕ &  $ ( / R   nR / nR =⊕ni=1R
!6
E(Fp)   	 
 	   	 	 
	
 E(Fp) ∼=
ZM ×ZL  L | M 
	  P,Q  	  
  P 	M  Q 	
L      	  	  mP ⊕ lQ   0 ≤ m < M 
0 ≤ l < L
! Fp(E) 
 E " Fp ## 






  ordR(f) 
 f 	 R$

 f #     






 f   " 






% deg x = 2 deg y = 3
τW  W ∈ E(Fp)    #	& 
τW : E(Fp) → E(Fp),
P → P ⊕W.

 E(Fp)    	 		
Ω = {ωab : ωab(mP ⊕ lQ) = eM(am)eL(bl) 0 ≤ m < M  0 ≤ l < L}
 P  Q  '( 
)
 χ Fp ##   		 ψ  		 ω ∈ Ω E(Fp) ##
		  f ∈ Fp(E) "  












 H ≤ E(Fp)  

   












   	
      
     χ = χ0 d 	 
  Fp ω ∈ Ω 
E(Fp)  f ∈ Fp(E) 
 d 
|S(ω, χ, f)| ≤ 2| Supp(f)|√p.
    
 	  
 	
  χ ω  f 
  H ≤ E(Fp)  
|SH(ω, χ, f)| ≤ 2| Supp(f)|√p.
 !!" 	 	# 	"#
   	      ψ = ψ0   Fp
ω ∈ Ω  E(Fp)  f ∈ Fp(E) 
  
|S(ω, ψ, f)| ≤ 2 deg(f)√p.
 $	 !
 	 "   	"%	 	
   	
&
 
    ! "    Q ∈ E(Fp) N 	  χ = χ0

  Fp f ∈ Fp(E)   ! 
 f(x, y) = zd(x, y)

 z ∈ Fp(E)  " 
 a, b, t ∈ N 
 
 1 ≤ a ≤




∣∣∣∣∣ < | Supp(f)|p1/2(1 + logN).
'  !!" 	
#    "    Q ∈ E(Fp) N 	  f ∈ Fp(E) 

  ! " 
 a, b, t ∈ N 
 
 1 ≤ a ≤ a+ (t− 1)b ≤




∣∣∣∣∣	 deg fp1/2 logN.
 	 	"
  (   
$& )    
	! *




   P1, . . . , Pn  	 
 
a1P1 ⊕ · · · ⊕ anPn = O =⇒ aiPi = O, i = 1, . . . , n.
  	
 	  P1, . . . , Pn    
  P1, . . . ,
Pn, Pn+1 = O  
 
     
    O 

 
    χ d    f ∈ Fp(E)  
d Fp(E) 
  P1, . . . , Pn ∈ E(Fp) 	 
  	
t1, . . . , tn ∈ N  	  ti < |Pi|

B = {i1P1 ⊕ · · · ⊕ inPn : i1 ≤ t1, . . . , in ≤ tn},
 ∑
Q∈B




   !







∣∣∣∣∣ ≤ 3|E(Fp)| log |E(Fp)|.




























χ(f(j1P1 ⊕ · · · ⊕ jnPn))·


































































 	 H ≤ E(Fp)  P1, . . . , Pn    	
	  





j1P1 ⊕ · · · ⊕ jnPn −→ ω1(j1P1) · . . . · ωn(jnPn)
# $%" 	 
 H    ω 
   E(Fp)&" 



































≤ 2 deg(f)p1/2 1|E(Fp)|n (3|E(Fp)| log |E(Fp)|)
n
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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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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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 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 /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         	     	    
  	
     Fp(E) 
   	 
n → f(nP ).  !"#
$  

   %    
&  
       	   % 	

   !
$  '  ( 	&		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   
	
  	
    p 	
	 E 
  Fp  G ∈










% nG ∈ Supp(f)
−1 	 !
)% *+,     -&  	

 
    	.!
$  
	 	 %    -&  -& 	

  	
    -! $	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 




'   -& 	  f(x, y) = x    
  #
$   
 ! F19 
y2 = x3 − 2x.
% ! &'   !
  G = (2, 2)      f(x, y) = x
!
 
$  (' 








2 +1 ( , /(
- +(' - , (
3 +(2 (0 , /(
4 +(3 (3 , (
(' +' ', (
n nG en
(( +(3 ( , (
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#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&
   	
 	 p  ! E   Fp ! G ∈ E(Fp) T "
	
 ! f ∈ Fp(E)! χ d   Fp"	 # $	%  
ET = {e1, . . . , eT}     &	
en =
{
+1, ' nG ∈ Supp(f)  arg (χ(f(nG))) ∈ [0, π),
−1, 		.
'
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   	 p  ! χ 	 d" 	
  
Fp"	! 	 	% ! E   Fp ! f ∈ Fp(E) 	 	!
 	 d"'	 Fp(E)"	 ( G T " 	
 	!   ET = {e1, . . . , eT}
   )) 	 $	%! 
W (ET ) ≤ 4| Supp(f)|p1/2(1 + log T ) log d+ | Supp(f)|. /001
*! ' f 	  	   d"  '! 
''  !  ∈ N 	  !   (| Supp(f)|, , T ) ' d"	"
'&! 
C(ET ) ≤ 4| Supp(f)|p1/2(1 + logT )(log d) + | Supp(f)|. /021
   	  	!    	% 	!   &
 '  		
W (ET ) 	,f p1/2 log T log d+ T
d





   g Fp   	









1 − γ̄(g) · γ(f(nG)).
  a ∈ Z  b, t ∈ N   	
1 ≤ a ≤ a+ (t− 1)b ≤ T, b < T.
	















1 − γ(g) d2

















∣∣∣∣∣ + | Supp(f)|.
 f  d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≤ 2| Supp(f)|p1/2(1 + log t) log d.
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  M < T  D = (d1, . . . , d) 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f δ1 ◦ τd1G(nG) . . . f δ ◦ τdG(nG)
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| Supp(f)|p1/2(1 + logM)(2d log d) + | Supp(f)|
≤ 4| Supp(f)|p1/2(1 + logM)(log d) + | Supp(f)|.
 	    

 	
    Fδ1,...,δ  	 ! "  !
 
 d# $ % R  	
 〈G〉# E(Fp)# "
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  ! "#$
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 %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 p > 3 &' G ∈ E(Fp) T 
   f ∈
Fp(E)   ()""*+#$ ,  ET = {e1, . . . , eT}     - !
./ 
W (ET ) << deg f p
1/2 log p logT.
, () *00 1"#
 deg f < p(T ) +  = 22
 deg f < p(T ) + (4 deg f) < p(T )
1 p(T )  T "00 &!/ 
C(ET ) <<  deg fp
1/2(log p) logT.
3#'$  
N = {n : 1 ≤ n ≤ T : f(nG) = ∞},
 	
	 a, b, t ∈ N  	 	
1 ≤ a ≤ a+ (t− 1)b ≤ T, b < T. 
   






















  h = 0  	
   








 h = 0   !





+ deg f 	 deg fp1/2 log p logT.
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 	 #	!
	  ! D = (d1, d2, . . . , d) 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 !
0 ≤ d1 < d2 < · · · < d ≤ p−M  $ 	  %  &
V (ET ,M,D) =
M∑
n=1
























" h1 = · · · = h = 0 '(  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V (ET ,M,D) =
1
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ep (h1f((n+ d1)G) + · · ·+ hf((n+ d)G))+















ep (h1f((n+ d1)G) + · · ·+ hf((n+ d)G))+
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ep (hi1f((n+ di1)G) + · · ·+ hirf((n+ dir)G)) + O ( deg f) .
 Fh1,...,h = hi1f ◦τdi1G+· · ·+hirf ◦τdir G 
  	 
  
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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= (0, . . . , 0) 
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




ep (h1f((n+ d1)G) + · · ·+ hf((n+ d)G))
≤ degFh1,...,hp1/2 log T + O ( deg f)
	  deg fp1/2 log T.
'())*
! + 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  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|vp(h1)| . . . |vp(h)| deg fp1/2 log T
+ O ( deg f)








+ ( deg f)









+ ( deg f)
	  deg fp1/2 log T (log p).
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 	 	
f    
  A  a 	 	 	 S ⊕ aG 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 E 

 Fp 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χ(f(x1P1 ⊕ · · · ⊕ xnPn))
) ∈ [0, π)
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'.
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 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Q(η) ≤ 2 · 3n(2d)d deg(f)p1/2(log |E(Fp)|)n(log d) + | Supp(f)|.
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B = {x = j1b1u1 + · · ·+ jnbnun : 0 ≤ ji ≤ ti, i = 1, . . . , n}


B + d1, . . . , B + d ⊆ InN .

 di = (d
(i)
1 , . . . , d
(i)
n ) 
N = {x = (x1, . . . , xn) : x1P1 ⊕ · · · ⊕ xnPn ∈ Supp(f)}
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1 − γ(g) d2
1 − γ(g) · γ̄(f(x1P1 ⊕ · · · ⊕ xnPn)).
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Ω(η, B,d1, . . . ,d) ≤ 2 · (2d) 3nd deg(f)p1/2(log |E(Fp)|)n(log d) + | Supp(f)|.
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